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ABSTRACT

One of the economists’ missions is to predict the behavioral responses of consumers
or firms on the assumption that optimizing continues. Once this capability is
developed, economists try to manage “today” to optimize future economic return of
the inputs. Techniques to predict future performance vary from an educated guess
based on an appropriate analogy to very complex analytical and numerical
calculations and approximations. However, what they all have in common is that they
analyze performance in past to say something to obtain constrained optimal output in
future. Considering Lagrange multiplier technique applied to a firm’s cost
minimization problem subject to production function as an output constraint, an
attempt has been made in this paper to apply necessary and sufficient conditions for
optimal values. We gave interpretation of Lagrange multiplier and showed that its
value is positive. Examining the behavior of the firm; that is, if the cost of a particular
input increases, the firm needs to consider decreasing level of that particular input; at
the same time, there is no effect on the level of other inputs; also that when the
demand of product increases, the firm should consider increasing its level of inputs:
capital, labour and other inputs, have been derived.
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The method of Lagrange multipliers has been used to facilitate the determination of
necessary conditions; normally, this method was considered as a device for
transforming a constrained problem to a higher dimensional unconstrained problem
(Islam 1997). Using Lagrange multiplier method, Baxley and Moorhouse (1984)
analyzed an example of utility maximization, and provided a formulation for
nontrivial constrained optimization problem with special reference to application in
economics. They considered implicit functions with assumed characteristic qualitative
features and provided illustration of an example, generating meaningful economic
behavior. This approach and formulation may enable one to view optimization
problems in economics from a somewhat wider perspective. In the end of their paper,
they suggested several other types of problems from economics. Taking into account
Cobb-Douglas production function in two variables (factors: capital and labour),
Pahlaj (2002) studied the behavior of the firm, by considering one of those suggested
problems.

Developing mathematical model in section 2 and considering an explicit form of
Cobb-Douglas production function in three variables (factors: capital, labour, and
other inputs) as an output constraint, we apply necessary conditions section 3, and
find stationary point and optimal value of the cost function. Applying sufficient
conditions to cost minimization problem in section 5, we extend the work of Pahlaj
(2002). In section 4, we give reasonable interpretation of the Lagrange multiplier in
the context of this particular problem, besides using it as a device for transforming a
constrained problem into a higher dimensional unconstrained problem. In section 6,
analyzing comparative static results (Chiang 1984) with the application of Implicit
Function Theorem, we examined the behavior of the firm, that is, how a change in the
input costs will affect the situation or if the demand of the production changes. So the
problem is not to just “find the minimum” but “assuming the minimum is obtained,
what consequences can be deduced”. In the final section 7, we provide conclusion and
recommendations.

2. THE MATHEMATICAL MODEL

We consider that, for the fixed price, a competitive production firm is under contract
to produce and deliver quantity Q units of a commodity during a specified time, say

for instance, in a year, with the use of K quantity of capital, L quantity of labour,

and R quantity of other inputs into its production process. These other inputs (e.g.
land and other raw materials) are combined to produce the production (Humphery
1997). If the firm seeks to maximize its profit while meeting the terms of the contract,
its production policy can be characterized as a constrained cost minimization problem

in which the firm chooses the least cost combination of three factors: K, L,and R
to produce quantity Q units of the product (Baxley and Moorhouse 1984). To

achieve its objective — the maximization of profit — the firm minimizes the cost
function:

C(K,L,R)=rK +wL+ pR, (1)
subject to the constraint of production function:
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Q=f(K,LR), 2
where I is the rate of interest or services per unit of capital K, W is the wage rate
per unit of labour L, and p is the cost per unit of other inputs R, while f isa
suitable production function. A competitive production firm takes these and all factor
prices as given. We assume that second order partial derivatives of the function f
with respect to the independent variables (factors) K, L, and R exists.

Ignoring the actual form of the function C, we now formulate the minimization
problem for the cost function given by (1) in terms of single Lagrange multiplier A,
by defining the Lagrangian function Z as follows:

Z(K,L,R,4)=C(K,L,R)+2(Q-f (K,L,R)). 3)

This is a four dimensional unconstrained problem obtained from (1) and (2) by the
use of Lagrange multiplier A, as a device. Assuming that the competitive firm
minimizes its cost, the optimal quantities K™, L', R",and A" of K, L, R, and A

that necessarily satisfy the first order conditions; which can be obtained by partially
differentiating the Lagrangian function (3) with respect to four variables

A, K, L, and R and setting them equal to zero:

Z,=Q-f(K,L,R)=0, (42)
Z,=C, —f =0, (4b)
Z,=C —Af =0, (4c)
Z,=Cp—Af, =0, (4d)
where,
7 L 5 0, &,

oK oL R oA
amd C =22 ¢ =% ¢, =&

oK oL R

It may be noted that the partial derivative with respect to A is just the same as the
constraint - this is always the case, so we get again Q = f (K, L, R), while from
(4b-d), the Lagrange multiplier is obtained as follows:
C C C
A=—F="L_"R (5)
fK fL fR
Considering the infinitesimal changes dK, dL, dR in K, L, R respectively, and
the corresponding changes dQ and dC , we get:
dC =C,dK +C, dL+C.dR, (6)
dQ = f dK + f dL+ f dR. @)
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With the use of (4b-d), or (5), we obtain the following equation:
d_C _ CcdK +C, dL+C.dR B
dQ  fdK + f dL+ f.dR

(8)

Thus, the Lagrange multiplier may be interpreted as the marginal cost of production;
that is, it represents the increase in total costs incurred from the production of an

additional unit Q. If, for example, one of the inputs, say K, is held constant, then

(8) represents the partial derivative: (a%Q)K , (with dK =0), and so.

3. AN EXPLICIT EXAMPLE

We now consider an explicit form of the production function f in (2), and provide a
detailed discussion and intrinsic understanding of the problem at hand.
Let the function f is given by

Q=1 (K,L,R)= AK“LR’, ©)
where A is assumed to be unchanged technology; and the exponents ¢, £, and ¥

are the constants that constitute the output elasticities with respect to capital, labour,
and other inputs (Humphery 1997) respectively. Using (1) and (9), (3) takes the
following form:

Z(X,L,R,2)=rK +wL+ pR+ Q- AK“L’R"). (32)
Therefore, (4a-d) become:

ZﬂzQ—AK”‘LﬂRV:O, (10a)
Z, =r—alAK“'LR” =0, (10b)
Z :W—ﬂ/%AK“Lﬂ‘lRy =0, (10c)
Z,=p-yAAK*L’ R’ =0. (10d)

Using the method of successful elimination and substitution, we solve above set of
equations and obtain the optimum values of K, L, R, and A:

e )

) ) ()
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) [ ) ) -
(o)l
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T8 B0 0
ey A9 IEIENCIENGNE
a ( 22,04
NEFERENE
where y =a + B +7. (12)

Moreover, substituting the values of K", L, R" from (11a-c) into (1), we get the

optimal value of the cost function in term of r, W, p, A, Q, a, £, and y as
follows:

() () )

C*=(a+,8+}/ ” p al . (13)
’Lwﬁw (WJAWJ

v

4. INTERPRETATION OF LAGRANGE MULTIPLIER

Before we discuss sufficient conditions, we provide an interpretation of Lagrange
multiplier, with the aid of chain rule, from (13) we get:
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8C =Cy X +C, — oL +Cp 8_R (14)
6Q 0Q 6Q aQ
From (1), weget: C, =1, C_ =w, C; = p, and from (10b-d), we get:

r=alAK“'LR”, w= BIAK“L"'R”, p=yJAK“L’ R’

Therefore, we write (14) as follows:

x_ _ 7| eake R K + fAK ‘LR —
aQ aQ

From (10a), we have: Q = AK“L’R” .
Differentiating above equation, keeping K, L, and R constants, we get:

1=aAK“ 'L’ RY zK

oL + AAK“ LﬂR“aR . (15)
oQ oQ

BAK * LPR7 a4, yAK “LPR7 R ,
oQ aQ

which allows us to rewrite (15) as:

_"58% 1 (16)

Therefore, (16) verifies (8). Thus, in this particular illustration, if the firm wants to
increase (decrease) 1 unit of its production, it would cause total cost to increase

(decrease) by approximately A units, Lagrange multiplier is a shadow price. It is
interesting to note that, unlike most of the cases where it is used, in this case the
Lagrange multiplier has some sort of reasonable interpretation.

5. SUFFICIENT CONDITIONS

Now, in order to be sure that the optimal solution obtained in (12) is minimum; we
check it against the sufficient conditions, which imply that for a solution

K”, L', R, and A" of (10a-d) to be a relative minimum, all the bordered
principal minors of the following bordered Hessian,

0 _QK _QL _QR

‘H‘— -Qx L L Zr ’
-QL Zik Zy, Zig
-Qr L Za VA

being that of (—1)™, where

M is number of constraints. It is important to note whether one has an odd or even

should take the same sign, namely, the sign of ‘ﬁml
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number of constraints, for (—1) raised to an odd power will yield the opposite sign to

the case of an even power. In our case M =1, therefore, all bordered principal
minors should be negative. In other words, if

0 _QK _QL
H,|=-Q Zw Zu |<0, (17a)
_QL ZLK ZLL

0 - QK - QL - QR
- Z Z Z
QK KK KL KR < 0 , (17b)
- QL Z LK Z LL Z LR
- QR Z RK Z RL Z RR
with all the derivatives evaluated at the critical values K~, L, R", and A", then

the stationary value of C obtained in (13) will assuredly be the minimum. We check
this condition, through expanding first (17a):

‘ﬁz‘ =—QuQxZu +2Q¢Q 2y —QQLZy - (18)

and ‘ﬁg‘z‘m

From (9) and (10b-d), we get:

Qq = aAK“'LR7; Q, = fAK“L*'R”; Q, = JAK“L/R"™. (192)
Z =—ala—1)AAK?LPR”; Z,, =-B(B-1)AAK“LP?R";

Zen =7y —1)IAK“LPR7 2.

(19b)
Z =2y =—afAAK PR 2,0 = Z o = —apAAK “ILPRTE
Z,o=Zn =—BrAAK L/ R (19¢)

Substitution of the values of Q. , Q,, Zyx, Z, , Zy. from (19a-c) into (18)
yields:
|H,| = ~(a + BaprA’ K> 2 LY 2R

Substitution of the critical values K™, L', R", A" from (11a-d) into above equation,
and after straightforward but tedious calculation yields:

A1) 2 0
R e

‘ﬁz‘ = _(OH':B

where w=a+ f+y.
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Similarly, from (17b), we expand the determinant, noticing that the second partial

derivative of Z,, =7, Zyg =L ¢, aNd Z o =Z , we get:

[H|= - QuQuZ 1 Zer +QuQuZ1rZ1r +2QcQuZiu Zor ~2QuQeZi Zis
- 2 QKQLZKRZLR + 2 QKQRZKRZ LL_QLQLZKKZRR + 2 QLQRZKKZLR
+QLQLZKRZKR _2QLQRZKLZKR _QRQRZKKZLL +QRQRZKLZKL'

Substituting the values of Q,, Q., Qr, Zuk: Z1s Zrry Lk Zikrs L1

from (19a-c) into above equation, and after straightforward but tedious calculation,
we get:

‘q‘ =- (05 + ,6' + y)aﬂyﬂ; AYK a2 452R4r-2.

Similarly, by substituting the critical values K™, L', R", A" from (11a-d) into above
equation, and after straightforward but tedious calculation, we get:

o Brr) Sfarr) ofarB) (3a) (38) (%) (4
I A RGP ACG
20} (28) (2r) (Ptr) (etr) (a+B ’
B0,
where w =a+ f+y. (20b)

Since A>0, a>0, >0, >0, and r, W, p are the costs of inputs and
hence are positive, while Q is production that will never be negative, therefore, from

(20a) ‘ﬁ2‘<0 and from (20b) ‘ﬁ‘<0, as required by (17a) and (L7b),

respectively. Equations (20a) and (20b) are sufficient conditions satisfied to state that
the stationary point obtained in (12) is a relative minimum point. Thus, the value of
the cost function obtained in (13) is indeed a relative minimum value.

6. COMPARATIVE STATIC ANALYSIS

Now, since sufficient conditions are satisfied, we drive further results of economic
interest. Mathematically, we solve the four equations in (10a-d) for K, L, R, and A

oA
in terms of r, W, p, and Q, and compute sixteen partial derivatives: 6—,...,
r

K oA R
LS

comparative static of the model. The model’s usefulness is to determine how
accurately it predicts the adjustments in the firm’s input behaviour, that is, how the
firm will react to the changes in the costs of capital, labour and other inputs. Since we

.., etc. These partial derivatives are referred to as the
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have assumed that the left side of each equation in (10) is continuously differentiable
and that the solution exists, then by the Implicit Function Theorem K, L, R, and A

will each be continuously differentiable function of r, w, p, and Q, if the
following Jacobian matrix

0 _QK _QL _QR

_ -Qx  Zw Z Ly
-Qu Zi Zy, Zig
-Qr L Lo Leg

is non-singular at the optimum point (K*, L, R", ﬂ*). As the sufficient conditions

J , (21)

are met, so the determinant of (21) does not vanish at the optimum, that is, |J| = ‘ﬁ‘ ;

consequently we apply the Implicit Function Theorem. Let F be the vector-valued
function defined for the point (f, K L,R", r, w, yo2 Q)e R?, and taking the

values in R*, whose components are given by the left side of the equations in (10a-
d). By the Implicit Function Theorem, the equation

F(Z K", L' ,R",r,w,p,Q)=0, (22)
may be solved in the form of

=G(r, w, p, Q). (23)

Moreover, the Jacobian matrix for G is given by

* * * *

oL  oAx  or oA

o  ow  op 0Q

oK* oK™ K" oK® 0001

1000

o w0 QI__a , (24)
ol o oL aL 0100

o  ow  op Q 0010

oR" OR" OR” OR”
aor aw dp AQ |
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where the ith row in the last matrix on the right is obtained by differentiating the
ith left side in (10) with respect to I', then W, then p, and then Q. Let C;; be the

cofactor of the element in the ith row and jth column of J , and then inverting J

_ 1
using the method of cofactor gives: J ! =mCT, where C :(Cij). Thus,

following matrix multiplication rule, (24) can further be expressed in the following

form:

or  or ox an

o  ow  dp Q

K™ K" oK™ oK” Cau Cy Cu Cy

oo ow Jdp 0Q 1 Cr C; C,p Cp (25)
o oL o ol J]|C;s Cy Cu Cy

o ow dp Q C, Ciy C, Cu

R™ OoR" OR" @R

o aw dp Q|

Now, we study the effects of changes in r, W, p, and Q on K, L, and R.

Firstly, we find out the effect on capital K when it’s interest rate I increases. From
(25), we get:

0 o QL - QR
YA Z. |
ar |J|[ 22] |J| LL LR
QR ZRL ZRR
Expansion of above determinant yields:
8K
ar |J|{ Q QLZRR+2Q QR LR QRQRZLL}'

Substituting the values of Q,, Qg, Z,,, Zgzs, and Z,, from (19a-c) into the
above equation and after straightforward calculation, we get:

6K*
,8+7)ﬂ}//1A3K3aL3ﬂ 2R3}/ 2
or |J|
Since |J| = ‘H‘ , therefore, by substituting the value of ‘ﬁ‘ from (20b), as well as
the optimal values of K, L, R™, 1" from (11a-d) into the above equation, and after

straightforward but tedious calculation, we get:
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aK* . (ﬂ + 7) a[af;iij[mﬁw]p(m,}/;’w]Q[a+;+7]
o aepen) (7 faha) o) i)

Since >0, >0, >0, A>0,andr>0, w>0, p>0, and Q is the

output of the firm that can never be negative, therefore,

oK™
or

which indicates that if the interest rate or services of the capital K increases, the firm

may consider decreasing the level of input K .

<0, (26)

Secondly, we examine the effects on labour L when the interest rate of capital K
increases. Again from (25), we get:

. 0 -Q —-Qg
i:_i[ 23]=i_QL ZLK ZLR .
TP 2

~XR RK RR
oL 1

? = m{_QKQLZRR +QuQrZ g +QLQrZrk —QrQrZ ik }
By substituting the values of Q,, Q_ Qg, Zgg, Z 5, Zgg and Z , from
(19a-c) into the above equation, and after simplification, we get:

*

ai — _iaﬂyﬂA3K3a—lL3ﬁ—lR3y—2 .

or J|
Since |J| = ‘m , therefore, by putting the value of ‘ﬁ‘ from equation (20b), as well
as the optimal values of K™, L", R", 4" from (11a-d), and after straightforward but
tedious calculation, we get:

o _ 1 a[a/j;iy]ﬂ(ai;ii/]p[ﬁ;*?]Q[“*;*yJ
o e pen)| [55), 55 () )

Again, since « >0, #>0, y>0,A>0,andr>0, w>0, p>0, and Q
is the output of the firm that can never be negative, therefore,
oL

>0, 27
or @
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which indicates that when the interest rate or services of capital K increases the firm
can increase the level of labour L, because both inputs are unrelated to each other, as

Cy. =0. In other words, in the context of the present problem of the firm’s cost
minimization, where the firm produces output Q from the inputs of capital K,

labour L and other inputs R, so (27) supports the common sense that both inputs
neither complement nor supplement, but they are unrelated.

The above analysis relates to the effects of a change in interest rate of capital K ; our
results are readily adaptable to the case of a change in wage rate of labour L, as well
as to a change in cost of other inputs R .

Next, we analyze the effect of a change in output Q. Suppose the firm gets an
additional order of its product to produce and supply, so it wants to increase it’s
output Q, then naturally, we can expect that there will an increase in its inputs
K, L, and R . We examine and verify this mathematically as follows. From (25),
we get:

QK ZKL ZKR
[ = Z, Zal.
R

aK* { QKZLLZRR +QKZLRZRL +QLZKLZRR QRZKLZLR}
aQ |~]| Qulrla + Qi Zir
By substituting the values of Q,, Q_ Qp, Z,| Zps, Z 5, Zgc and Z

from (19a—c) into the above equation, and after simplification, we get:
aK ﬂ/leaKaa lL3ﬁ 2R37 2
Q- IJI

Again, since |J| = ‘ﬁ‘ , therefore, by putting the value of ‘m from (20b), as well as

the optimal values of K, L, R", A" from (11a-d), and after straightforward but
tedious calculation, we get:

oK™ B 1 0{(afzy]W[‘”ﬁ*Vjp[a+;+7jQ[lZﬂ€yyj
aQ (a ) ﬂ ) j/) r[“f;i}/]ﬂ[afgﬂj [“+;+7]A( a+;+7]

Again, since « >0, #>0, y>0,A>0,andr>0, w>0, p>0, and Q
is output of the firm that can never be negative, therefore,
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oK™
_—>
Q
which verifies our assumption and common sense that when the demand of the

product increases the firm may consider increasing it’s level of inputs: capital, labour,
and other inputs.

0, (28)

7. CONCLUSION AND RECOMMENDATIONS

In this paper, Lagrange multiplier method is applied to a firm’s cost minimization
problem subject to Cobb-Douglas production function as an output constraint. An
attempt is made to apply necessary and sufficient conditions for optimal values — in
this particular case, minimization of the cost of a firm. It is demonstrated that the
value of the Lagrange multiplier is positive. Unlike most of the cases where it is used,
in this particular illustration, a reasonable interpretation of the Lagrange multiplier is
presented, that is, if the firm wants to increase (decrease) 1 unit of its production, it

would cause total cost to increase (decrease) by approximately A units, Lagrange
multiplier is a shadow price. With the help of comparative static results and the
application of Implicit Function Theorem, we mathematically showed the behavior of
the firm, and recommend that if the cost of a particular input increases, the firm needs
to consider decreasing the level of that particular input; at the same time, and there is
no effect on the level of other inputs. As well as, we demonstrated mathematically
that when the demand of the product increases the firm may consider increasing its
level of inputs: capital, labour, and other inputs.
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